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Abstract 

In this paper, we first construct a globally well-defined non-geometric background 
which contains several branes in type II string theory compactified on a 7-torus. One 
of these branes is called 5^, which is a codimension-2 object and has a non-trivial 
monodromy given by a T-duality transformation. The geometry near the 52-brane is 
shown to approach the non-geometric background constructed in arXiv: 1004.2521 . We 
then construct the solution of a fundamental string rotating along a non-trivial cycle in 
the 5^ background. Although the background is not axisymmetric in the usual sense, 
we show that it is actually axisymmetric as a doubled geometry by explicitly finding 
a generalized Killing vector. We perform a generalized coordinate transformation into 
a system where the generalized isometry is manifest, and show that the winding and 
momentum charges of the string solution is explicitly conserved in that system. 
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1 Introduction 



In string theory, there exist non-geometric backgrounds, called U -folds pQ. The U- folds are 
backgrounds in which the background fields on any two coordinate patches are related by 
transition functions which generally belong to the [/-duality group. In other words, they are 
characterized by the property that as we go around a non-trivial cycle in the backgrounds, 
the background fields come back to themselves only up to the [/-duality transformations. 
Since the [/-duality group is the symmetry of string theory, the [/-folds naturally appear as 
the backgrounds of string theory. The [/-duality group contains the T-duality group and the 
^-duality group as its subgroups, and T-folds and S-folds are defined in a similar manner. 
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Figure 1: A torus parameterized by y and z is fibered on the base S 1 parameterized by 
x. After taking T-dualities along y- and ^-directions (T y and T z ), the torus becomes non- 
trivially fibered on the S l , whose transition function is given by T-duality. 



In spite of the unusual properties, there are many [/-fold backgrounds in type II string 
theory. The simplest example is the D7-brane background. The circular integral of the 
Ramond-Ramond (RR) flux dCo over a circle S enclosing the D7-brane is given by J s dCo = 
Co\ e=2n — Co|g =0 = 1, so the value of Co is shifted by 1 as we go around the D7-brane. In 
other words, the D7-brane background has the non-trivial monodromy Co — > Cq + 1, which is 
nothing but an element of S'-duality group SL(2, Z). In this sense, the D7-brane background 
is an S'-fold. 

One might not be surprised at the D7-brane example since the transformation connecting 
Cq and Co + 1 is merely a gauge transformation. Things get more interesting when we 
consider the case of T-folds. A simple example of T-folds [1] can be constructed as follows 
(although it is not a solution of supergravity) . Consider a flat 3-torus T 3 with constant 
3-form H-Qux on it. We regard the 3-torus as a T 2 -fibration (spanned by coordinates y 
and z) over a base S 1 with coordinate x and periodicity x ~ x + 1 (see Figured]). In this 
background, if we parameterize the flux as H = dB^ = N dx A dy A dz with N an arbitrary 
constant, the 2-form is given by B^ = N x dy Adz in a specific gauge. Then, as we go 
along the base circle, x — Y x+ 1, the B^ field shifts by B^ — > B^ + N dy A dz. This shift 
is again purely a gauge transformation. The shift becomes non-trivial if we perform the 
T-duality transformations along y- and ^-directions. After the T-duality transformations 
the resulting geometry takes the following form: 

d f = d 2 , d v 2 + dz2 B {2) = ^ d A d (1 1) 

We can easily check that some components of the Riemann curvature tensor are aperiodic 
and do not come back to their original values as we go along the base circle x — > x+ 1 (e.g., 
the Ricci scalar R = —2N 2 (5N 2 x 2 — 2)/(l + N 2 x 2 ) 2 is aperiodic). This aperiodicity arises 
from the fact that the T-duality transformations mix the B-field (which is aperiodic in the 
original frame) and the metric together. 




Figure 2: The dotted horizontal line separates Type IIA theory (above) and Type IIB theory 
(below). Branes connected with a blue line are related by a T-duality to each other, and 
those connected with a red line are related by an ^-duality to each other. Backgrounds of 
the branes in the left of the dashed vertical line are [/-folds. 



In type II string theory compactified on a 7-torus, we can obtain many kinds of [/-folds 
by taking dualities as shown in the left side of Figure [2J Note that all of these [/-folds 
correspond to codimension-2 branes. Here, the notation such as b c n or b^ indicates that 
the mass of the brane depends linearly, quadratically and cubically on the lengths of b, c and 
d of the compactified longitudinal directions, respectively, and that the mass is proportional 
to g~ n where g s is the string coupling constant. We note that there are, in general, several 
directions along which we can perform a T-duality transformation. For example, for a 
KKM(56789, 4), taking T 3 leads to a 5^(56789, 34), taking T 4 to an NS5(56789), and taking T 5 
to a KKM(56789, 4). Here, the notation of 51(56789, 34) indicates that the mass dependence 
of the h\ is given by M = R 5 R 6 R 7 R 8 R 9 (R 3 R A ) 2 / 'g 2 J 9 s , and that of KKM(56789, 4) (KKM 
can also be denoted by 5^) indicates that the mass is given by M = R 5 R 6 R 7 R 8 R Q R\/g 2 l & s) 
where R n (n = 3, ... 9) are radii of the 7-torus. Branes whose masses have such unusual 
dependence on the compactification radii and the string coupling constant are sometimes 
called exotic branes [21 El IH El [6] . In particular, the 52-background is known to be a T-fold 
[7], whose explicit form will be displayed later in Eq. (12. 4p . 

Moreover, at least in supergravity theory, we can construct additional [/-folds, which 
would correspond to the bound states of several 7-branes. The reason for considering these 
bound states is that we generally cannot put only a single kind of 7-branes in order for 
the resulting background to be well-defined [HI Ej. We must put branes with other charges 
(monodromies) which are not related each other via [/-duality. For example, a D7-brane 
generally must accompany branes such as an S -brane [8], whose monodromy is the S'-duality 
transformation, A — > — 1/A, where A is axion-dilaton field. Likewise, the 5^-brane must 
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accompany other kinds of branes, one of which we here call a T^-brane, whose monodromy 
is given by T 3 T 4 . We will see the detail in section [2J 

Given the above non-geometric backgrounds, it is then a natural step to study what 
happens when we put a probe on such backgrounds. When we drag the probe with charge 
Z around a brane with monodromy Q, the probe charge is affected by the monodromy of 
the brane on the way around it. After coming full circle around the brane, the probe charge 
eventually becomes 



One of our motivations in this paper is to investigate how the probe charge, Z, would vary 
in the course of traveling along non-trivial cycles. 

The codimension-2 objects with non-trivial monodromies appear not only in string theory 
but also in ordinary field theories as vortices. It was argued long time ago that certain 
gauge theories admit the existence of a vortex solution, called an Alice string [TO] . It has 
the property that a particle with charge of unbroken gauge symmetry changes the sign of its 
charge when it goes around the Alice string; e — > —e. Such an exotic property of the Alice 
string has been applied into various fields in physics such as the cosmology based on Grand 
Unified Theories [TTj IT2] [T3j . nematic liquid crystals and superfluid in condensed matter 
physics [TU [15] (see also [161 HB] and references therein). 

In this paper, we put a fundamental string as a probe in some t/-folds such as 5|, 
and examine how the string behaves in such non-geometric backgrounds. In section [2j 
we construct a t/-fold background, which contains 5|, by T-dualizing the 7-brane solution 
constructed in [12]. We compare our construction of the 5| background with that already 
known in [7]. Our construction gives some physical understanding, which was not made clear 
in [7]. We also study the monodromies of the background. Next, we construct fundamental 
string solutions rotating around 5| in section [3] (and that around T 34 -brane in appendix 
lU]) . and study how the momentum and winding charges of the string, Z 1 , transform under 
the action of the monodromy matrix of 5|. In section [4j we review the double field theory 
[20] l2Tj |22| [23] and the definition of the generalized Lie derivative. Although the 5^ is not 
axisymmetric due to the action of the monodromy matrix, it is shown to be axisymmetric 
if we regard the background as a doubled geometry. Indeed, we find a generalized Killing 
field generating the axial rotation, along which the generalized metric is invariant. For the 
string solution given in section [3j the charge Z 1 changes by Z 1 — >■ (flgl 2 ir ' w hh fle=2n 



z n- 1 ■ z. 
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a constant matrix, after the string comes full circle. However, if we move to a coordinate 
system where the generalized isometry is manifest, then the charge density vector, which 
we denote by Z 7 , is constant under the time evolution, that is, <9 T Z 7 = 0. Conclusion and 
discussions are given in section |5j 



2 5^ solutions 

2.1 5^ from Kaluza-Klein monopole 

We first review the construction of the 5^ solution from the smeared Kaluza-Klein monopole 
(KKM) background by taking T-duality in a direction transverse to the (smeared) KKM 
[7]. The solution of multiple KKMs(56789, 4) is given by 



ds 2 = dx 2 56789 + H dx 2 23 + H~ l (dx 4 + uf , 

H= 1 + V t R \ , , e 2 ^ = l, dw = * 3 d#, (2.1) 
' j / i ■ i- 

n 1 1 

where x n G K.f 23 in H represent the centers of the KKMs in M^ 23 and dx 2 ..^ represents 
the line element of the flat metric (e.g., dxQ 56789 = — (dx ) 2 + (dx 5 ) 2 + ■ • • + (dx 9 ) 2 ). The 
periodicity of the 6-torus, over which the KKMs are wrapped, is given by x % ~ x % + 2-kRi 
(i = 4, . . . , 9). After smearing KKMs along x 3 with the interval 2irRs, the harmonic function 
H is given by 

H =1 + -X- f L dx 3 Ra 



2irR 3 J-L 2vV 2 + (x 



3 _ ^3^2 



=1 + 7 log[(L + Vr 2 + L 2 )/r] , (2.2) 



where we have defined r = a/x 2 + x\ and 7 = R±/ '(2ttR 3 ). The integral is logarithmically 
divergent, and so we have introduced an IR cutoff L for the integration. By introducing a 
"renormalization" scale /i, we separate the divergence in H as follows^ 

H = h + j]og(ti/r), (2.3) 

where h is the divergent term in the limit of L — > 00. Then, u in (12.11) is given by, for 
example, 00 = — 7#dx 3 , where 9 is the polar angle in R 2 2 . The aperiodicity about 9 can be 
absorbed by a mere diffeomorphism x 4 — > x 4 — 27T7X 3 . 



1 The separation between the divergent part and the finite part in H is not unique, but this is not 
important for the discussion. 
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We obtain the 5 2 solution by taking T-duality of the smeared KKM along x 3 . The result 
is given as follows [TJ: 



,2 

--056789 ) 



ds 2 = H (dr 2 + r 2 d9 2 ) + H A" 1 dx 2 u + dx 2 
5 (2) = B 34 dx 3 A dx 4 = —A'" 1 7 9 dx 3 A dx 4 , (2.4) 
e 2 ^ = HK~\ K = H 2 + ^ 2 9 2 . 

Here, ^-dependence appears in the metric on the internal 2-torus spanned by x 3 and x 4 , and 
these components are aperiodic under 9 — > 9 + 2ir. It is then convenient to introduce the 
generalized metric in the x 3 -x 4 space by the following 4x4 matrix: 

. / G- 1 G~ X B \ 1 (Kl -i6e\ , 

(Had) = , , = T7 ] , 2.5 

G-BG- l B) H\je e i y 

where we defined G = (gS), 5 = (^S), 1 = (j?) and e = (_ ^). We can 
easily check that the generalized metric of the 5 2 at each # is related to its value at 9 = 
by an 0(2,2, R) transformation as follows: 

H(o) = njn(o = o)n , n =l 1 °)go(2,2,r). (2.6) 

We see that the monodromy matrix of 5 2 , ^0=2^; takes the form neither of diffeomorphisms, 
Qdis — x-i) w ith X G GL(2, R), nor of the gauge transformations of jB( 2 ), fi g 

with A an antisymmetric matrix. It is a more general type of transformation which 
non-trivially mixes the metric tensor and the Kalb-Ramond field. 

An unsatisfactory point about the above 5| solution obtained from the smeared KKM 
via T-duality is that the solution is not globally defined and is valid only for < r < r c with 

h 

r c = fj, e t . Outside the domain, H given in Eq. ( 12.31) becomes negative, which is obviously 
not allowed. In particular, the curvature scalar R diverges at r = and r = r c , though in the 
intermediate region it will be sufficiently small to neglect any higher curvature corrections. 
The appearance of the cutoff, r = r c , originates from introducing the "renormalization" 
parameter /x, whose physical meaning is not clear, in the smearing procedure. We will 
clarify below that the cutoff parameter is to be interpreted as the distance of the 5 2 from 
the other neighboring 7-branes. 



jaugc 
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2.2 5^ from D7-brane 



The 5g solution given in Eq. f!2.4[) is not globally well-defined owing to the cutoff at r = r c , 
where the curvature diverges. In this subsection, we construct a globally well-defined 5| 
solution by applying the following duality chain to the D7-brane solution [191 E] : 



D7(3456789) 4 NS7(3456789) 4 6^(456789, 3) 4 5^(56789, 34) 4 5^(56789, 34) . (2.7) 



We note that in this construction, the b\ background is constructed without any smearing 
procedure, and we will find that the physical meaning of the cutoff at r = r c is made clear. 

As is discussed in [191 [8], we cannot consider the supergravity solution describing a single 
D7-brane in order to make the energy density finite. The finite-energy D7-brane solution 
must contain several supersymmetric 7-branes (which have their own monodromies) other 
than a D7-brane. In particular, in section 12.2.11 we construct the 7-brane solution which 
consists of a D7-brane and the other two 7-branes. One of the others is an S'-brane. By the 
duality transformations, S T 3 T 4 S, the D7-brane is mapped to a Sg-brane while the S'-brane 
is mapped to what we call a T 34 -brane, whose monodromy is given by T3T4 e 0(2, 2; Z). 
We will check these monodromies in section 12.2.21 

2.2.1 D7-brane background 

We first review the construction of the finite-energy 7-brane solution containing a D7-brane 
presented in [T9l Ej. A half-supersymmetric 7-branes background in the Einstein frame is 
generally written as follows; 



where z = x l + i x 2 is the complex coordinate on the transverse plane and A = Co + i e ~^ is 
the axion-dilaton field. f(z) and X(z) are holomorphic functions, which are determined from 
the monodromies of 7-branes in z-plane. Note that the z-plane is taken to be a Riemann 
sphere. 

We choose f(z) and X(z) so that the background includes a D7-brane, and one of the 
simplest choices is 



ds 2 = da4 456789 + A 2 \f\ 2 dzdz 
X = X(z) = X 1 + iX 2 , f = f(z), 



(2.8) 
(2.9) 




(2.10) 
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f(z) = pi V (X) 2 (z - z D7 )^ (z - zs)-* , (2.11) 
where zdt, zg, and po are arbitrary complex constants, and rj is the Dedekind eta function, 

oo 

r,(\) = qWJlil - <?) , q=e 2 * iX . (2.12) 



n=l 



j 1 is the inverse function of the elliptic modular function j(A) which is defined by 

with i? n (A) Jacobi theta functions, and is a one-to-one map from the fundamental region of 
SL(2, Z) to the Riemann sphere. For simplicity, we take zs — 2t)7 real in the following. The 
solution given by Eqs. (I2.10p and (12.111) represents a configuration consisting of the following 
three 7-branes (see Figure [3]): 

a D7-brane, which has the monodromy T, at z = zd7 
an S'-brane with the monodromy S at z = z$ 
a 7-brane with the monodromy T _1 S at z = oo. 

Here, T and 5 are the generators of SL(2, Z), 

;::)■ *-(-)■ 

Note that the branes with monodromies T, S and T" 1 5 correspond to the fixed points of 
the function j(X) under SL(2,Z), namely, A = ioo, i, (—1 + i\/3)/2, respectively. 





• 


z 




OO 










ZV7 




zs 



Figure 3: The configuration given by Eqs. (I2.10p and (12. lip . A D7-brane is at z = z^-?, an 
S'-brane at z = Zs, and a 7-brane with the monodromy T~ l S at z — oo. 



We can explicitly confirm the presence of these branes by taking a limit of approaching 
each of them and examining the monodromy around it. For example, near z = zd7, Eq. (12 . 101) 
becomej^l 

A W f log(^EI) = L + ± fcgp) , (2.15) 

2rr V z — zd7 ' 2tt 2tt V r / 

2 We used the fact that the relation j(A) — az + b reduces to X(z) ~ (i /27r) log(az + b) for large z. 
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where we have introduced the polar coordinates, 

z-z m = re ie , z s - z D7 = r eR. (2.16) 

From Eq. (12.151) . as we go around z = zj) 7 , i.e. 9 — > 9 + 2tt, we find A shifts as A — > A + 1, 
which shows the presence of a D7-brane at z = z^-j. By using Eq. (12.151) . the factor A2 |/| 2 
in Eq. (12.81) near z = zdj is given by 

2/3 1 

A2 | /r ^_^ log (^._L log (^), (2 , 7) 

where we have set the arbitrary parameter as po = r o- 

Near z = z s (which corresponds to A = i), Eq. (I2.10p is approximated as 

j(X) l + A(X-i) 2 (2.18) 

with A some real constant. By using Eqs. (I2.10p and (I2.18p . we have 

A *~ 2S i+a (z - zs) 1 ' 2 = cr 1 ' 2 cos(^ - 5 s ) + i (l + cr 1 ' 2 sin(^ - S^j , (2.19) 

where a e c e"" 5 is a complex number and we have introduced the polar coordinate 

z-z s = re ie . (2.20) 

We can find that as we go around z = z$, i.e., 9 — > 9 + 2tt, A changes as A — > — 1/A (i.e., 
S'-duality), which indicates the existence of an S'-brane at z = zs- The factor A2 \f\ 2 in 
Eq. (12.81) is approximated near z = zs by 

A2I/I 2 z ~ s Cr- 1 ' 2 , (2.21) 

where C is a constant given by C = r^ 3 |r/(i) 2 (z$ — zm)^^ | 2 - 

For z ~ 00, we can similarly check that there is a brane which has the monodromy 
T -1 S. The existence of this brane can also be understood as follows. A circle which does 
not enclose any branes has a trivial monodromy, but at the same time this circle encloses 
all the branes existing on the Riemann sphere. Therefore, there must be a brane (or a set 
of branes) which cancels the product of monodromies of a D7- and an S'-brane, which has 
the monodromy T and S respectively. 
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2.2.2 5|- and T 34 -brane solutions and their monodromies 

In order to obtain 5|, we take the chain of duality transformations ( 12. Tj) for the finite-energy 
7-brane geometry (12. 8p . See appendix [X] for the details of the derivation. The resulting 
background which contains a Sg-brane (in the string frame) is given by 



ds 2 


= X 2 \f\ 2 dzdz + 


A 2 
|A| 2 


dx 3i + dx 056789 , 


(2.22) 




A 2 

- |A|2 , ^34 ■ 




Ai 

|A| 2 ' 


(2.23) 


X(z) 


= r 1 ( Z3 ~* m ) 


i 




(2.24) 


\ Z - Zr>7 / 






/(*) 


= r l /3 vW 2 - 




-is (z - z s )~* . 


(2.25) 



Note that the expressions (I2.22p and (I2.23P are valid for any choice of X(z) and f(z), although 
we only consider the specific case given in Eqs. (I2.24p and (I2.25j) . We emphasize that this 
background is globally defined over the whole z-plane. 

Recall that by choosing A = A 4 + i A 2 and / as given in Eqs. (12. 24ft and (I2.25p . we have 
three 7-branes in the original D7-brane frame: a D7-brane, an S'-brane, and a brane with 
monodromy T" 1 S. After taking dualities S^T^S, these branes are respectively mapped 
into a 5| (whose center is at z = zn?), a brane which we call a T 34 -brane (at z = zg), and 
a brane (at z = oo) with monodromy (ST 3 T 4 5) _1 (T _1 S) (ST 3 T 4 S), which is equal to the 
inverse of the product of the monodromy matrices of a 5?. and a T3 4 -brane. 

We can obtain the approximate geometry near the 52-brane or the T 34 -brane, by rewriting 
z in terms of r and 6 as in (I2.16P or (I2.20p . and by substituting the approximate form of 
A and A 2 \f\ 2 near the D7-brane or near the S'-brane (see Eqs. (I2.15p . (I2.17p . (I2.19p . and 
(I2.2ip ) into Eqs. (12. 22ft and (12. 23 p . The resulting solution for the near 5| geometry has the 
same form as that of Eq. (12.41) (which was obtained from the smeared KKM), if we identify 

h 

the parameter r = \zg — z^\ with the cutoff length r c = /j, ef. The constant 7, which 
appears in Eq. (12 .4p . is here given by 7 = 1/(2%). 

Now, we can easily understand the meaning of the cutoff, r c , in Eq. (12 ,4p . In the con- 
struction from the finite-energy 7-brane solution discussed here, the cutoff r c is given by tq, 
namely the distance of the h\ from the neighboring brane (which is the T 34 -brane in our 
case). Note that as we have already mentioned, we cannot put only a single D7-brane on z- 
plane in order to make the energy density finite. Therefore, when we consider a background 
which contains a S^-brane, the existence of another neighboring brane is always required 
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from the finiteness of the energy density, and the cutoff can always be interpreted as the 
distance from the neighboring brane. 

Finally, we examine the monodromies of the 52-brane and the T 34 -brane. For the back- 
ground given in Eqs. ( I2.22p and ( I2.23p . the generalized metric of the non-trivially fibered 
internal (3, 4)-torus is given by 

1 /m2 l -A l£ \ , s 

2.26 

Are 1 J 

The T-duality group 0(2, 2; Z) acts on 1-Lab as 

n^n T nn, ^eO(2,2 ; z). (2.27) 

Since the 5|-brane is dual to the D7-brane in the original frame, as we go around the 5|- 
brane, A in Eq. (12.261) shifts as A — >■ A + 1. We can easily find that the change in % is given 
by the 0(2, 2; Z) transformation f[2T2Tj) with 

£1(5%) = ^ jeO(2,2;Z). (2.28) 

On the other hand, as we go around the T34-brane, A in Eq. (12.261) changes as A — > — 1/A 
because the T 3 4-brane is dual to the 5*-brane in the original frame. The associated change 
in Ti is given by 

fi(T 34 )= f° ^ GO(2,2;Z). (2.29) 

Since the the T 3 - and T 4 -dualities are given by the matrices 

/o o l o\ /i o o o\ 

r 3 = ( 2 5 8 8 ) , r 4 =(88SS) ) (2.30) 

V0001/ V0100/ 
we find that the monodromy f2(T 3 4) is nothing but T 3 T 4 , and this is why we call it a T34- 

brane. 



3 Rotating F-string solutions in non-geometric back- 
grounds 

In this section, in order to understand how objects in string theory behave in a T-fold back- 
ground, we explicitly construct classical solutions of a fundamental string rotating around a 
S^-brane. We also construct the solution of a fundamental string rotating around a T 3 4-brane, 
which is given in appendix O 
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3.1 Equations of motion 



We start from the Polyakov action in a general background 

S = -\ J dV [r,^ G MN d a X M d p X N + ^ B MN d a X M d p X N ] (3.1) 

with 77^ = ° \ and = J \ . 

As we derived in the previous section, the non-geometric backgrounds considered in this 
paper take the following general form (see Eqs. (12.221) and (12.231) ): 



2 

056789 ' 



ds 2 = H(r) (dr 2 + r 2 d6 2 ) + Q(r, 9) dx 2 4 + dx, 
Q W) = W> B u (r,9) = -±, (3.2) 

For the 52-brane or the T34-brane, A2 \f\ 2 depends only on r (see Eqs. (I2.17P and (I2.2ip ). 
and we thus express it by H(r), i.e., H(r) = A2 \f\ 2 - In this subsection, we only use the 
fact that A is a holomorphic function in z(=x l + ix 2 ) plane, satisfying the Cauchy-Riemann 
equations, r d r \\ = dg\ 2 and r d r \ 2 = —dgXi. The explicit form of A = Ai + i A 2 is given in 
(12.151) for near S^-brane or in (12.191) for near T 34 -brane. 

Now we take the following ansatz 



X°(a,T) = ar, X r (a,r) = R, X e = Q(a, r) = u r , X i (a,r) = (i = 5, . . . , 9) , 

(3.3) 

where a, u, and R are some positive constants. We leave X 3 (a, r) and X 4 (a, r) arbitrary 
functions to be determined. This solution describes an F-string rotating in z-plane with 
constant radius R and stretching only in (3, 4)-torus. 

By defining the complex valued function X = X 3 + iX A , the non-zero components of 
the equations of motion and the Virasoro constraints are summarized in the following form 
(see appendix IB1 for the details) If] 

,2 

~\d R \ 

\X\ 2 + \Xf = a2 -^ R2H , (3.5) 



-|X| 2 + IX 



d R {R 2 H) 



X X ' = 1 oiA M2 [ 2A i A 2 + ( A ? " X D <^i] > (3-6) 
2\d R X\ 2 



3 Note that |X| 2 = (X 3 ) 2 + (X 4 ) 2 and |X'| 2 = (X 3 ') 2 + (X 4/ ) 2 . 
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X - X" = -| (d e G X + i <9 5 3 4 X') . (3.7) 



Here, we defined X = d T X , X = d a X and all the quantities are evaluated on the 
string worldsheet, for example, d®Q = doQ(r, 



\r=R, e=e(r)" 

By plugging Eqs. (I3.4p -( l3ll into the following identity, 

|XX'| 2 = i|-(-|X| 2 + |X'| 2 ) 2 + (|X| 2 + |X'| 2 ) 2 j , (3.8) 

we obtain the relation between the angular velocity u and the rotational radius R, 

fuj 2 d R (R 2 H)\2 . _ , 2 

Hw ) = (a u R H) ■ (3 ' 9) 

We must take the plus or minus sign of the square root of this relation. As we will see in 
the next subsection, which sign we should take is determined from the value of R, namely 
the distance from the S^-brane at the center. 

We rearrange Eqs. f )3.4p -( l3~6|) and summarize the equations to solve: 

w 2 dp> { R 2 H ) . „ „ „ , , 
2 ^ A|2 } =±(a 2 -u 2 R 2 H), (3.10) 

l^l 2 = Q2 oT U L R l H A I 2 l^ A l =F 2A i A 2 <^. A i ± ( A i " A ') <9«A 2 ) , (3.11) 

x , 2A 1 A 2 d fl A 2 + (A 2 -A 2 )^A 1 ■ 

+ |A| 2 |^A| T 2A 1 A 2 ^Ai±(A 2 -A 2 )^A 2 ' l ' ' 

X - X" = ~ {d e G± + i <9 eJ B 34 x ') • ( 3 - 13 ) 

Here, Eq. (13. lip is obtained from (13. 4 p and (I3.5p . and Eq. (13 . 1 2[) is obtained by multiplying 
( 13. 6p with X and using (13.111) . As we will see below, this overdetermined system of five 
equations for two unknown functions X 3,a (t, a) indeed has analytical solutions for b\- and 
T 3 4-branes. 



3.2 String rotating around S^-brane 

In this subsection, we consider the solution of an F-string rotating around the 5 2 -brane, 
where the functions A = Ai + iA 2 and H(r) in Eq. (I3.2p are given by (see Eqs. (12.151) and 

(EUD) 

Xx = 7 9 , X 2 = H(r), (r) = 7 log(r c /r) . (3. 14) 

Depending on the value of R in the ansatz (13.31) . we have two kinds of solutions as follows. 
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External solution ( e 2 r c < R < r c ) 



By using the background given in Eq. f)3.14p . Eqs. (I3.lip -f l3.13p with upper sign can be 
written as follows: 



IXI 



a — oj 



2 R 2 H), X' = iKrX, X-X" = K 2 rX U = ^- , (3.15) 



70; 



H 



where the value of u is determined by using the upper part of Eq. (13 . 1 j) as 



OJ 



H 



RH \j-i-H 
Differentiating X' = i ktX with respect to r or a, we have 

-k 2 r 2 X-X" = K 2 rX. 



(3.16) 



(3.17) 



By combining this and the last equation in f)3.15p . we have X = 0. After a short manipula- 
tion, these equations are solved generally as 



(3.18) 



where x is a constant complex number. Generally, this solution describes an open string 
since the end points of the string do not coincide in the spacetimeQ From the physical 
conditions |X| 2 = H(a 2 - u 2 R 2 H) = (a 2 H/2) (7 - 2#)/( 7 - H) > and H > 0, we must 
have < H < 7/2, that is, the radius R should be within the region; 



e 2 r r < R < r c . 



Therefore, this solution cannot exist for the region too close to the 5 2 . 



(3.19) 



The behavior of this solution is shown in Figure H] (a). The F-string of circular shape 
expands linearly in r and does not come back to its original shape when it ends the round 
trip. The dynamics is essentially characterized by an 0(2, 2)-vector 



(Z A (r,a)) 



/ Pair, a) \ 



(3.20) 



4 Although we consider the general case here, the closed string is still possible if wc adjust the free 
parameter a to make k even number such that the solution becomes that of a closed string. 
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Here, P a (a = 3,4) are the canonical momenta on the worldsheet, defined by 



-Pa( r ? °~ ) = GaM X M — B aM X Ml — G a b X b — B ab X b> . 



(3.21) 



We call Z a (t, a) the charge density vector, since its integral over a, Z (r) = daZ A (r, a), 
gives the momentum and winding charges for closed string. For the solution (I3.18p . the 
explicit forms of them become as follows (we have set cr = for simplicity): 



(Z A (r,a)) 



( 



H 



H 



H "/-2H 
2 7-J? 
H i-2H 



\ 



2 j-H 



H i-2H 
2 i~H 



K T Sill KC7 



H y-2H 
2 f-H 



K T COS KG 



(Z A (r)) 



/ 



/ 



V 



kH 



H ~/-2H 
2 y-H 



\ 



kH 



H 7-2g 
2 y-H 



1] 



f^r[cos K7 r-l] 



g 7-2g 
2 7-i? 



r sm K7r 



(3.22) 



/ 



Thus, the charge density vector Z A does not return to the initial value when the string 

te 

string) the charge vector, Z A , is always zero for this solution. 



rotates around the 5^- Note that if k is an even number (i.e., for the solution of a closed 



We find that this aperiodicity in Z A is given by the monodromy of 5|. The solution 



Eq. (I3.18P satisfies 



which can be written as 



X 



3/ 



- 7 ep 4 



x 



4 1 



(3.23) 



Z a (t, a) = n e ^ T Z A (r = 0, a) with 0^ 




(3.24) 



Thus Z A 's at the same spacetime point are related by £1(5%) £ 0(2, 2; Z), given by Eq. (12. 28 p . 
As we will see in the next section, the behavior of Z A is "periodic" in a generalized sense, 
and it is, in fact, "constant" along the time evolution. 

The evolution of the charge density vector in (13.241) can also be understood from the 
worldsheet viewpoint as follows. The worldsheet Hamiltonian is given by 



H = da Z T-Lab Z + the other directions . 



(3.25) 

where the first term represents the contribution from X 3 and X 4 . If the contribution from 
the other directions does not include r, which is the case under the ansatz ( 13. 3p . the first 
term must be conserved independently. Since H-ab varies as in Eq. (12.61) with 9 = wr, the 
time-dependence of Z , given in Eq. (I3.24p . is consistent with the fact that the Hamiltonian 
is conserved. 
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We comment on the boundary condition of the open string, Eq. f)3.18p . We can easily 
check that it satisfies Neumann boundary conditions, 



Gmm X 



Ml 



Bmn X 







a=0. TV 



(3.26) 



for M = 3,4, 9. Thus, in order that this solution makes sense in the perturbative string 
theory, we should fill the whole space spanned by x 3 , x 4 and 9 with some D-branes. 




T-duality 




T-duality 



(a) 



(b) 



Figure 4: F-string solutions rotating around a 52-brane within (a) e 2 r c < R < r c and (b) 
< R < e~5 r c . Squares represent internal tori. 



Internal solution (0 < R < e~2 r c ) 

If we choose the lower sign in Eqs. f l3.lip - fl3.13l) . we obtain 

|X'| 2 = H (a 2 -cu 2 R 2 H) , X = iKrX', X-X" = i«X'. (3.27) 

Here, the value of u is given by Eq. f)3.10p as 

u = (a/H) y/-H'/2R = (a/HR) . (3.28) 

By using X = i ktX', we can show that the last equation in (I3.27P is equivalent to X" = 0. 
These can be solved generally as 

X = x + aKT 2 -2ia(x (a G C) (3.29) 

with \a\ 2 = (a 2 /8) (2H — 7). From the physical conditions |X'| 2 = H(a 2 — u 2 R 2 H) = 

a 2 (H — 7/2) > and H > 0, we must have 7/2 < H, that is, the radius R should be within 
the region; 

< R < e~^r c . (3.30) 
Therefore, this solution exists only for the region close to the S 2 .. 
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The behavior of this solution is shown in Figure S] (b). The F-string of straight shape 
moves with constant acceleration in the direction perpendicular to itself in internal tori, as 
it goes around the Sg-brane. Let us see the 0(2, 2)-structure of this solution. This time, by 
using the solution Eq. ( I3.29P or by the second equation in Eqs. (I3.27p . the 0(2, 2)- vector is 
shown to take the following form, 

f P 3 (r,a)\ ( \ 
P 4 (t,<t) 
X 3 '(r,a) 
\X 4 '(r,a)J \-2ReaJ 

Therefore, the relation (I3.24p trivially holds. 

We comment on the boundary condition of this internal solution. The F-string satisfies 
Neumann boundary conditions along ^-direction and a-direction (see the left side of Figure 
[5]), and Dirichlet boundary condition along i a-direction. Thus, in order that this solution 

(3,4)-toms (3,4)-torus 



(Z A (r,a)) 






2Ima 
-2 Re a 



(3.31) 





direction 



open string 



closed string 



Figure 5: The pictorial views of the internal solutions for two kinds of boundary conditions. 



makes sense, we should put two parallel D-branes extending along 6- and a-directions such 
that they are separate in ia-direction with distance equal to the F-string length. Alter- 
natively, if the parameter a is the integral multiple of R4 or 1R3, this solution describes a 
closed string running in the direction of a with an integral winding number (see the right 
side of Figure [5]) . 

3.3 Evolution of charge density vector and possible string solu- 
tions 

We found that the external and the internal solutions satisfy Eq. (I3.24p . which characterizes 
the time evolution of a string in terms of the monodromy of b\. In this subsection, we 
ask about what is the general solution satisfying Eq. (I3.24p . We emphasize that we here 
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are interested only in to what extent the information of the monodromy can constrain 
the rotating string dynamics without imposing the other conditions. Thus, the obtained 
solutions are in general off-shell. 

By differentiating Eq. (l3.24j) with respect to r, we have the following equations: 

/ P 3 (r,a) \ 

The last two equations in Eq. ( I3.32p can be easily solved as 



0. 



(3.32) 



X 3 = - 1 cor da' P 4 (a') + / 3 (r) + g 3 (a) 



X 4 = 1 ujtJ da' P 3 (a') + f 4 (r) + g 4 (a) 



(3.33) 



with /^(t), fb{r), gs{a) and g±(o) arbitrary functions. Then, the canonical momenta are 
given by, from Eq. (I3.2ip . 



PsM = — 



«M = -g 



-juj J da' P 4 (cr') + /a(r) + kt g' A {a 
7 w J da' P 3 (a') + fi(r) - Krg' 3 (a 



(3.34) 



By using P 3 (r, a) = = P^t, a), we can determine the arbitrary functions as follows: 

f 3 = ci k t 2 + c 3 7 u r + c 5 , g 3 = 2c 2 a + c 7 , 
fi = c 2 k,t 2 - c 4 7 U) T + c 6 , g 4 = -2ci cr + c 8 . 



(3.35) 



Then, fj3.34j) becomes 



P*(cO 



-AC 



y da' Pi(a') - c 3 



P 4 ((J) = AC 



y dcr'P 3 (cr')-c 4 



(3.36) 



which can be solved as 

da' P%{a') — = A sin ac (cr — a ) 



da' Pi(cr') — c 3 = —A cos/c(cr — cr ) (3.37) 



with A an arbitrary real number. Finally, by substituting (I3.37P into (I3.33p . we have the 
general solution 



X 3 (t, a) = x 3 + A 7 to r cos ac(ct — cr ) + c\ ac r 2 + 2c2 a (x 3 = C5 + oj) 
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X (r, a) = x 4 + A 7 to r sin K,(a — gq) + C2 k t 2 — 2c\ a (x 4 = cq + eg) . (3.38) 

Note that both of the external and internal solutions satisfy (13.241) and they actually take the 
above form. Thus, surprisingly enough, the dynamics of the rotating string is determined 
almost completely as given in ( 13.381) only from ( 13. 24ft . In the next section, we will describe 
our rotating string solutions in a more natural language. 

4 The double field theory and the generalized isometry 

We have constructed the solutions of an F-string rotating around a 52-brane by solving the 
equations of motion. However, since the background breaks axisymmetry only by the action 
of 0(2, 2; R)-transformation (see Eq. (12. 6p ). we can expect that the geometry has an axial 
"isometry" in a generalized sense. In this section, we show that the 5|-background indeed 
has the axial "isometry" if we describe the background as a doubled geometry. 

In this section, in order to explain what the doubled geometry is, we first review the 
double field theory [20], [2TJ [22j [231 l2U [25] . The double field theory has a gauge symmetry 
which is generated by the generalized Lie derivative. The generalized Lie derivative is a 
natural extension of the standard Lie derivative, and we show that the Sg-background has 
an axial isometry associated with the generalized Lie derivative. In addition, we perform a 
generalized coordinate transformation into a system where the generalized axisymmetry is 
manifest, and show that the charge density vector is constant in r in this frame, drZ 1 = 0. 

4.1 The double field theory 

Here we briefly review the double field theory. In order to consider the T-duality, we study 
the low energy effective theory of string theory compactified on a <i-torus, and decompose the 
local coordinates in the total 10- dimensional space x M (M = 0, 1, . . . , 9) as (x M ) = (x M , x a ). 
Here are the coordinates in the non-compact spacetime (fi = 0, 1, . . . , 9 — d) and x a are 
the coordinates on the <i-torus (a = 1,2, ... ,d). The low energy effective theory for the 
NS-NS sector of string theory is given by the action 

S cS = J d w xV^G e~ 2 *(R G + Ad M <pd M <P - ^ H LMN H LMN ) , (4.1) 

where R G is the Ricci scalar associated with the metric Gmn, and H MNL is the component of 
the 3-form flux H = dB^ 2 \ While it has symmetries under diffeomorphism x M — > x M + Sx M 
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and the gauge transformation B^ 2 \x) — > B^(x) + dA(x) (with A(x) an arbitrary 1-form), 
the T-duality symmetry (which is a non-trivial symmetry in string theory) is not manifest. 

The double field theory is a theory which manifests the T-duality invariance of the low 
energy effective theory by doubling the coordinates. In the double field theory, in addi- 
tion to the coordinates x a on the rf-torus, which are associated with momentum excitations 
p a = —id a , we introduce new (periodic) coordinates, x a , which are associated with winding 
excitations w a = — id a = —id/dx a , and deal with these coordinates (x a , x a ) on an equal 
footing. Then the T-duality symmetry, i.e., 0(d, d; Z) symmetry can be geometrically un- 
derstood. In particular, as a more radical approach, we introduce the doubled coordinates 
even for non-compact directions [23] since the double field theory for the NS-NS sector has 
full O(10, 10) symmetry even when there are no compactification directions. We denote the 
doubled coordinates collectively as y 1 = (xm, % M ) {I = 0, 1 . . . , 9, 0, 1, . . . , 9). The corre- 
sponding derivative operators are given by dj = (d M , Dm)- Here, note that all the fields 
Gmn, Bmn, 4> are functions of y 1 . We raise and lower the O(10, 10)-indices by using the 
metric 



(Vu) = I J- (4-2) 




The action of the double field theory is given by 

Sbft = J d 20 ye- 2d n, (4.3) 
K = m IJ djdjd - djdjH IJ - AH IJ did djd + AdjH IJ djd 

+ 1 n IJ dm KL OjHkl - 1 n IJ dm KL d K n JL . (4.4) 

o 2 
Here, Hu is the generalized metric defined by 

<«"> s (X. o-bo-^b) ^ 

with G = (Gmn) an d B = (B MN ), and d is the dilaton in the double field theory, defined 
by e~ 2d = a/— G e~ 2 ^ . As the O(10, 10)-indices are properly contracted, the above action 
is manifestly O(10, 10) invariant. 

We can show that this theory has the following gauge symmetry [23] 

S&u = i K d K Hu + (dj£ K - d K £i) H K j + ipji K - d K i 3 ) Hik , 

S^e- 2d ) = dj(e- 2d e), (4.6) 
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where (£ ) = £ M ) is a parameter of 0(10, 10)-vector. By defining the generalized Lie 
derivatives along an 0(10, 10)-vector field ^ as 

C e Vj = C J djV! + (d^ J - d J 0) Vj , 

C^V 1 = fdjV 1 + (9 J 6 - dA 1 ) V J , (4.7) 

the gauge transformations (14.61) can be written as follows [23] 1^1 

tf^jj = CtUu, 5s(e- 2d ) = A(e" M ) . (4.8) 

As well as diffeomorphisms are generated by the Lie derivatives, the generalized Lie deriva- 
tives generate the diffeomorphisms and the gauge transformations — > + dA, and 
more general 0(10, 10)-transformations. 

The level matching condition Lq — Lq = N — N + 8m d M = in string theory is satisfied 
by imposing the following strong constraints on all supergravity fields and gauge parameters 
A(y) and B(y): 

d'djAiy) = , d'Aiy) djB(y) = . (4.9) 

These constraints imply that we can always gauge fix such that d M = for all supergravity 
fields and gauge parameters. We can show that the action (14.41) reduces to the action (14. ip in 
the gauge, and in this sense, the double field theory has (at least on-shell) the same degrees 
of freedom as the supergravity theory. Just as the usual definition of a Killing vector, we 
define a generalized Killing vector as a vector £ that satisfies the following equation: 

£ ( H U = 0. (4.10) 



4.2 Generalized axisymmetry in 5^ and evolution of the charge 
density vector 

Let us return to the case of the 52(56789, 34) (see Eqs. (12. 4p and (I2.5P ). in which the internal 
torus has dimension d = 7. To begin with, although the background does not have an 
isometry along the axial ^-direction in the usual sense, we can easily check that the vector 

£ axi = do + | (X 3 d 4 - X 4 d 3 ) (4.11) 

5 Note that in Eq. (|4.6p the dilaton transforms as a scalar density under the gauge transformation. The 
action of the generalized Lie derivative on tensor densities is defined in a similar manner to that of the usual 
Lie derivative. 
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is a generalized Killing vector, by using the matrices 

/o 7 /2\ 

- 7 /2 



\0 / 



axiy 



(d A U B ) 



( 






o\ 



7/2 



(4.12) 



\- 7 /2 0/ 

where A, B = 3, 4, 3, 4 and other components of <9/£ axi and d £axU are zero. It should be 
stressed that this generalized isometry could not be found without introducing the doubled 
geometry. 

In the following, we will show that the charge density vector Z 1 = (Pm,X m ') becomes 
constant in the local coordinate system x 1 , where the components of the generalized metric 
tensor become independent of the axial coordinate 0. 

We consider the following local generalized coordinate transformation^ 



x 



x 6 + (7/2)0x4, x 4 = x 4 - (7/2)0x3, x 1 



X 



(7^3,4). 



(4.13) 



Then, the Killing vector £ ax ; takes the simple form: £ ax ; = dg. Here we have used the tensor 
transformation law under the generalized coordinate transformation proposed in 



V I (x)=F I J Vj(x) 



(4.14) 



where the matrix J-} J is defined by 



1 / dx K Oxk dxi dx" 



2 \ dx 1 dxj dxx dx K 
In the coordinate x 1 given in Eq ( 14.13ft . the transformation matrix J-} J is given by 



(4.15) 



( 


1 














\ 




2 


1 











70 




7*3 

2 





1 





-70 
















1 


7*4 

2 


7*3 

2 
















1 





I 

















1 1 



(4.16) 



6 Note that this generalized coordinate transformation is consistent with the strong constraint in the sense 
that the condition (2.7) in [26] is satisfied. 
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and the generalized metric Tijj takes the following form 







/ -4- 



{% 



U 



_£47 

2R 2 H 



2R 2 H 
£37 
2R 2 H 





V 



iR 2 H 

iR 2 H 







H - 



JE37 

2R 2 H 
4R 2 H 

~2 2 

^37 _1_ fj 



iR 2 H 







4H 



R 2 H 



_ £47 

2H 

X3l 
2H 








X4.7 

2H 
J_ 

H 






£37 

2H 





(4.17) 



Here and below, only 8, £3, £4, 8, x 3 , x 4 -components are shown in that order. Thus, in this 
coordinate system, the generalized metric is independent of 8, that is, C^Tiu = d^Hu = 0, 
and the monodromy around the 5^ becomes trivial. 

In order to examine how the charge vector Z 1 changes under the coordinate transforma- 
tion Eq (I4.13p . we first need to uplift the rotating string solutions X M (a, r) to that of the 
double sigma model X 7 (cr, r) in the original coordinate system x 1 . The function Xj^(r,a) 
in the double sigma model is determined by the relation between X M and Xm 



E a Pd«X 



-(V=T G MNl aP + B MN e aP ) dpX 



N 



(4.18) 



By using this, we find that the solutions X / (<r, r) for our rotating strings take the following 
forms: 



external solution 



(X 1 ) 



a 



aHR 2 uj 

H 7-2H 



2 i-H 

H y-2H 
2 -y-H 

LOT 



sin na 



COS KG 



H J-2H 
2 -y-H 



T COS K<7 



V 



internal solution 



(X 1 ) 



Xg - 

X4 



aH R 2 uj 

21m a _ 



H 

2R.ca 
H 



x 



kt 2 Re a + 2a Im a 
\Xq + kt 2 Im a — 2a Re a) 



(4.19) 



where x? and 



Xr 



0,3,4) are integral constants. From these solutions, we can obtain 



the O(10, 10)-vectors, Z 1 = d^X 1 and Y 1 = drX 1 . Then, by using the transformation law 



7 To avoid notational complication, we still use x 1 for r, 3, 4, rather than x 1 , to express Hij here. This 

notational abuse makes no confusion since x 1 = x 1 for these coordinates. 

8 In Eq. (|4.18|) with a = a, there is, in general, an additional term in the left-hand side, \ J d 2 a e(a — 

a^ldnjHijdaX 1 d a X J }(a'). However, we can omit this term in (|4.18[) because it vanishes for our solution. 
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(I4.14p . we can obtain the following solutions Z 1 in the x 1 coordinate; 



external solution 

/hr 2 



[Z 1 ) 



a 2 (~1-2H) 
4w(7-H) 



2 7-_ff 

g 7-2g , 
2 -y-H ' 







internal solution 

/ HR 2 uj \ 




2Imo! 
\-2Rea/ 



(4.20) 



We thus find that the charge density vectors do not depend on the worldsheet time r, 
namely d T Z T = 0. This result reflects the fact that the monodromy around 5| is trivial in 
the axisymmetric coordinate system x 1 . 

Before closing this section, we comment on some problem associated with the embedding 
function X j (t, a). By using Eq. (I4.14p . we can obtain the O(10, 10)-vectors Z 1 and Y 1 in 
x 7 -coordinate system from the vectors Z 1 and Y 1 in the original coordinate system x 1 . For 
the external solution, in fact, we have d T Z l ^ d^Y 1 , which is expected to be equivalent to 
dadrX 1 — drdvX 1 7^ 0. If it is the case, we have to conclude that, for the external solution, 
the embedding map X 7 (cr, r) itself cannot be obtained in the ^-coordinates. On the other 
hand, for the internal solution, the relation d T Z ! = dJY 1 does hold, and X 1 can be obtained 
by assuming Z 1 = d^X 1 and Y 1 = d T X T . However, the resulting configuration X 1 is not 
the same as the one that can obtained by Eq. (I4.13p from the original solution X ! (t, a). 
We have little understanding of such strange situations, and leave further investigation to 
future work. 



5 Conclusion and discussions 

We have constructed a globally defined T-fold background which contains a b\ and other 
7-branes. Near the center of 5|, the geometry approaches to that constructed in [7], which 
includes a cutoff parameter and is not globally defined. We have then shown that the cutoff 
parameter is to be interpreted as the distance of the 5| from the other neighboring 7-branes. 
The monodromies of these 7-branes in the background were also studied. 

One of the main purposes in this paper is to understand how objects in string theory 
behave in T-fold backgrounds. In particular, we have constructed the explicit solutions of a 



24 



fundamental string rotating around 5|, and have found that the time evolution of the charge 
density is given by n e=W7 as in (I3.24p . Conversely, the relation (I3.24p by itself essentially 
determines the possible on-shell behavior of a rotating F-string. 

In order to interpret the monodromy action more geometrically, we have described the 5| 
as a doubled geometry. We have found the generalized Killing vector £ axi which generates the 
axial rotation (accompanied by the non-trivial transformation in the (3, 4)-torus). Moreover, 
we have found that the charge density vectors for our string solution are invariant under 
the time evolutions, d T Z T = 0, in the coordinate system where the generalized isometry 
is manifest, dgl-Ljj = 0. In this paper we have provided such a direct application of the 
rather formal and still growing framework of the double field theory to a simple and familiar 
example as the motion of F-strings. 

As we pointed out in the Introduction, the codimension-2 branes with non-trivial mon- 
odromies examined in this paper can be regarded as a realization of Alice strings in the 
context of string theory. In the original theory of Alice string [TU] , the monodromy group 
is simply Z 2 . Nevertheless, the Alice string brings curious notions such as non-locally con- 
served charges (called Cheshire charges [281 12H|). It is then quite interesting to study what 
phenomena happen in string theory, which has highly non-trivial t/-duality symmetry and 
contains various branes as charged objects. For example, if we consider a Dl-brane rotating 
around a D7-brane, we expect, because of the D7-brane monodromy, that an F-string charge 
is induced on the Dl-brane along the way. In order to keep charge conservation law, the 
induced charge should be absorbed from the background. To examine such a process, we 
expect that we can apply an analysis given in [30] to our non-geometric case. Although 
we have considered classical solutions of an F-string in this paper, the authors in [30] con- 
sidered an off-shell trajectory of an F-string in a KKM background. In this background, 
there is a continuous trajectory where an initially winding string becomes unwound, and the 
background was found to absorb the winding charge. It would be interesting to perform a 
similar analysis for non-geometric background such as 5| and examine the charge transition 
between a probe and the background explicitly. Finally, we must mention a subtlety of 
the definition of charges in IIA or IIB supergravity. As is discussed in [31], in theories of 
supergravity with Chern-Simons terms, we can define three inequivalent notions of charges. 
Therefore, in the process of a probe going around a brane with non-trivial monodromy, it is 
important to clarify which type of the charges varies^] 

9 We would like to thank Masaki Shigemori for helpful comments on this point. 
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A 5^ from D7-brane 

In section [2.2.21 we derived the background of 52(56789, 34) from that of D7(3456789)-brane 
by taking the following sequence of dualities, S T 3 T 4 S; 

D7(3456789) 4 NS7(3456789) 4 6^(456789,3) 4 5^(56789,34) 4 5^(56789,34) . 

In this appendix, we write down the backgrounds obtained in each step of the dualities in 
terms of the parameters appearing in the D7-brane solution (12 . 8 p and (12. 9p . i.e. A = Ai + i A2 
and / = f(z). Note that we express the metrics for them in string frame. 

By taking ^-duality for D7(3456789)-brane, we obtain the NS7(3456789)-brane back- 
ground; 

ds 2 (NS7) = e* dx 2 3456789 + e £ A 2 |/| 2 dx 2 2 , 

e '={w)^ c(0) = -w (A ' 1} 

By taking T 3 , the NS7(3456789)-brane becomes 6^(456789,3); 

ds 2 ^) = e^dx 2 456789 + e-i*(dx 3 ) 2 + el^A 2 |/| 2 dx 2 2 , 

e^=(|^)" 3/4 , C^ = -^dx\ (A- 2 ) 

where C*- 1 ^ is RR 1-form. 

By further taking T 4 , the 63 becomes 5§(56789, 34); 

ds 2 (5 2 ) = e^d* 2 56789 + e-Uxj A + \ 2 \f\ 2 dx 2 12 , 
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C ^ = -^Ldx 3 Adx\ (A.3) 



A| 2 / ' IAI 



where is RR 2-form. 



Finally, taking S'-duality for the 5 2 (56789, 34), we obtain 52(56789, 34) background, which 
is given in Eqs. flQgJ) and (12~23) . 

B Equations of motion of fundamental string 

The equation of motion of a fundamental string is given by Em = — (2/-^/— r/) SS/5X M = 0, 
which can be written down as 

E M = 2G M n {X n - X N ") + 2Y MNL (X N X L - X N 'X L ') + 2H MNL X N X Lf = , (B.l) 

where Hmnl are the components of the 3-form flux H = dB^ 2 \ 

In the general background (13.21) . by using the ansatz (13. 3p . the non-zero components of 
Em are given as follows: 

= d R g [-(x 3 ) 2 - (x 4 ) 2 + (x 3 ') 2 + (x 4 ') 2 ] 

+ 2d R B M (X 3 X 4 ' - X 3 ' X 4 ) - co 2 d R (R 2 H) , 
E e = d e g [-(X 3 ) 2 - (X 4 ) 2 + (X 3/ ) 2 + (X 4 ') 2 ] 

+ 29 e fi 3 4(X 3 X 4, -X 3, X 4 ), (B.2) 
E 3 = 2 [u d e g x 3 + g (X 3 - X 3// ) - u d e B u x 4/ ] , 
E 4 = 2 [co d e g X 4 + g (X 4 - X 4 ") + to d e B M x 3/ ] . 
The Virasoro constraints are given by 
= X 3 X 3, + X 4 X 4 ', 

= g [(X 3 ) 2 + (X 4 ) 2 + (X 3 ') 2 + (X 4 ') 2 ] + to 2 R 2 H - a 2 . (B.3) 

By introducing the complex valued function X = X 3 + iX 4 , the above equations are sum- 
marized in the form given in Eqs. (I3.4l) - (l3.7p . 

C Rotating F-string solution around T34-brane 



The background near the T 34 -brane is given by the approximation 

\ x = Cs /rcos{6/2-8) , A 2 = 1 + c^/r sm(6/2 - 5) , 
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a=i i + l ~ cr 

2 I i + c 2 r + 2cv /f cos(^-5-f) 



B 



C\/r sin 
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(¥-*-!) 



1 + c 2 r + 2c ^ cos(^ - 5 - f ) 



The value of u is determined from Eq. (I3.10p ad_ 

,2 



ca 



3C R + cC B?/ 2 



(CI) 



(C.2) 



In this near T34-brane background, Eqs. f 1 3 . 1 1 [) — ( 13 . 1 3 P take the following form: 



|X| : 

X = i 
X - X" = - 



(1-cVR) 2 (a 2 -HR 2 u 2 ) S in 2 (^-f-f) 

1 + cVRcOs(^-5 

[1-cVR) tan(^-f-l) . 



1 + cVR 



2 l + cVRcos(^ -8- f) 



X', 
X. 



(C.3) 



Since it is difficult to solve these equations for generic values of R, we restrict ourselves to 
the case, c 2 R <C 1. Then, we obtain the following approximate equations: 



lv|2 2 • 2 

X = a sm 



bJ t 5 IT 



4 2 4 
Then, the solution is given by 



X = itan(^-|-^)x', X-X" = 0. (C.4) 



X = x„ + ^cos(^-^) ."•<—>/« 
u V 4 2 4/ 



(C.5) 



where u = a 
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